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RAK-33060 Fracture mechanics and fatigue

3. Exercise

Problem 1. A large plate has a crack inclined by an angle α w.r.t. the horizontal line.

The length of the crack is 2a. The plate is loaded by a horizontal tensile stress σx = σ∞.
Determine the stress intensity factors at the crack tip. At the end of this paper there is a

table of stress intensity factors for basic loading cases.
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Solution. The stress state perpendicular and parallel to the crack faces is

σα = σ∞ sin2 α, τα = σ∞ sinα cosα.

Thus

KI = σ∞ sin2 α
√
πa, and KII = σ∞ sinα cosα

√
πa.

Problem 2. Investigate the previous structure. Assume that the fracture occurs if

(
KI

KIc

)2

+

(
KII

KIIc

)2

= 1, (1)

where KIc 6= KIIc. Investigate which angles α are the most dangerous as a function of the

ratio KIc/KIIc.

Solution. The stress intensity factors are based on the previous question

KI = σ∞ sin2 α
√
πa, ja KII = σ∞ sinα cosα

√
πa.

Replace them in condition(1), Thus, this is obtained:

(K2
IIcσ

2
∞ sin4 α+K2

Icσ
2
∞ sin2 α cos2 α)πa = K2

IcK
2
IIc

The stress σ∞ can be solved

σ2∞ =
K2

IcK
2
IIc

πa(K2
IIc sin4 α+K2

Ic sin2 cos2 α)
=

K2
IIc

πa(sin2 α cos2 α+ β2 sin4 α)
(2)

=
β2K2

Ic

πa(sin2 α cos2 α+ β2 sin4 α)
, (3)

where β = KIIc/KIc. The dimensionless form is

σ∞
√
πa

KIc
=

β√
sin2 α cos2 α+ β2 sin4 α

. (4)

Stress graph below is shown with di�erent values of β:n. Curves from top to bottom have

respectively β:n values 2, 1, 1/
√

2, 0.5, 0.25, 0.1, 0.05.
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The stress σ∞ reaches the minimum value when the denominator has the maximum value.

Thus the investigated function is

f(α) = sin2 α cos2 α− β2 sin4 α = (β2 − 1) sin4 α+ sin2 α.

The condition for the existance of the extreme value is to equal f ′(α) to zero:

f ′(α) = 4(β2 − 1) sin3 α cosα+ 2 sinα cosα

= 2 sinα cosα[1− 2(1− β2) sin2 α] = 0.

Thus

sinα = 0 tai cosα = 0 tai sin2 α =
1

2(1− β2) .

because sin2 α ≤ 1 ,so β2 ≤ 1
2 . If sinα = 0 the solution is α = 0, π,which are not relevant

answers. If cosα = 0 solution is α = ±π/2, which corresponds to opening mode. For the

third answer the angle value is

α = arcsin
1√

2(1− β2)
,

For which the graph is plotted below.
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In this case equation (2) will be

σ2∞πa
K2

Ic

=
K2

IIc

K2
Ic(sin

2 α cos2 α+ β2 sin4 α)
=

β2

sin2 α[1− (1− β2) sin2 α]
= 4β2(1− β2). (5)

That gives
σ∞
√
πa

KIc
= 2β

√
1− β2. (6)

Problem 3. A crack grows along the interface in a bi-material bar of width B under a

tensile force F .
1. Determine the crack driving force G using simple bar model.

2. Determine KII for the case E1 = E2 under the assumption that pue mode II and plane

stress is present.

4.14 Problems 141

b) Which type of opening mode is present and how isA related to the stress intensity
factor?

Solution: Pure mode II with KI = 0 andKII = −
√

2π ImA.

Problem 4.2 A crack in an infinite region is loaded by a remote linearly vary-
ing stress σ∞

y = σ0(b/a− x/a).
a) Determine theK-factors by using the basic
solution for a crack subjected to point forces.

b) What is the condition forK+
I = 0, and what

does this mean?

Solution:

a) K±
I = σ0

√
πa

(
b

a
∓ 1

2

)

b) K+
I = 0 for b = a/2. Under this loading

condition there exists no stress singularity at
the right crack tip.
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Fig. 4.56

Problem 4.3 A crack grows along the interface in a bi-material bar of width B
under tension.

a) Determine the energy release rate by
using simple bar theory.

b) CalculateKII for the caseE1 = E2

under the assumption that pure mode II
and plane stress is present.
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Solution: a) G =
F 2A2E2

2BA1E1(A1E1 +A2E2)
, b) KII =

√
F 2A2

2BA1(A1 +A2)

Problem 4.4 Calculate for both configurations, shown in Fig. 4.58, the energy
release rates and theKI -factors. In case a) use beam theory and assume plane stress,
in case b) assume h � a and plane strain.

Solution: a) G =
3 uEh3

4 a4
, KI =

√
3 uEh3/2

2 a2

b) G =
2 u2E

b(1 − ν2)
, KI = uE

√
2h

b(b− h)(1 − ν2)

Solution. Consider the length of crack c = b − a. Find the compliance function equation

by assuming that stress at the intact end of rod is equally distributed on cross section area

A1 +A2 and cross section area A1 with crack. Thus the copliance function is C on

C =
c

E1A1
+

b− c
E1A1 + E2A2

.

The energy release rate is

G = −dΠ

dc
=
F 2

2B

dC

dc
.

Now
dC

dc
=

1

E1A1
− 1

E1A1 + E2A2
=

E2A2

E1A1(E1A1 + E2A2)
,

Thus

G =
F 2E2A2

2BE1A1(E1A1 + E2A2)
.

If we consider E1 = E2, the stress intensity factor is

KII =
√
GE =

√
A2

2BA1(A1 +A2)
F.

Problem 4. Calculate the crack driving force G and the stress intensity factor KI for the

structure shown below. Assume the state of plane strain and that h� a.
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Problem 4.5 The configuration shown in Fig. 4.59 contains an interface crack
between the thin elastic layer and the sub-
strate (coefficients of thermal expansion kl
and ks). The initially stress-free system ex-
periences a temperature changeΔT .

Determine the energy release rate under the
assumptions that the thin layer is in a plane
strain state and does not influence the ther-
mal strains of the substrate.

kl, E, ν

ks

t

Fig. 4.59

Solution: G =
E t

2(1 − ν) (ks − kl)2ΔT 2 .

Problem 4.6 Calculate the crack deflection angle ϕ for the two configurations
shown in Fig. 4.60. Use the criterion of maximum circumferential stress and assume
τ0 = σ0/2.
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Fig. 4.60

Solution. The deformation equations are

εz =
σz
E
− ν σy

E
= 0 ⇒ σz = νσy,

εy =
σy
E
− ν σz

E
=

1− ν2
E

σy =
2u

b
.

J-integral is

J =

∫

C
(Unx + tiui,x)ds =

∫

AB
+

∫

BC
+

∫

CD
+

∫

DA
.

A B

CD

1

On the edge AB, normal vector is (nx, ny, nz)
T = (0,−1, 0)T , thus nx = 0. The term tiui,x =

txux,x + tyuy,x = τyxux,x + σyuy,x, now τyx = 0 and uy,x = 0, so the edge AB has no e�ect.

On the edge BC, the normal vector is (nx, ny, nz)
T = (1, 0, 0)T , thus nx = 1. The term

tiui,x = txux,x + tyuy,x = σxux,x + τxyuy,x, now σx = 0 and τxy = 0. The strain energy on the

edge BC is

U =
1

2
(σyεy + σzεz) =

1

2
σyεy =

2E

1− ν2
u2

b2

So ∫

BC
=

∫ b

0
Udy =

2E

1− ν2
u2

b
.

The edge CD is the same as AB. The edge DA ha no tension, so it has no e�ect.

So the J-integral is

J =

∫

BC
=

∫ b

0
Udy =

2E

1− ν2
u2

b
.

The structutre has n-pieces of cracks, n = (b− h)/h, when G = J , it gives

KI =
√

GE = Eu

√
2h

(1− ν2)b(b− h)
.
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Problem 5. Calculate the crack de�ection angle ϕ for the two con�gurations shown below.

Use the criterion of maximum circumferential stress and assume τ0 = σ0/2.
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Problem 4.5 The configuration shown in Fig. 4.59 contains an interface crack
between the thin elastic layer and the sub-
strate (coefficients of thermal expansion kl
and ks). The initially stress-free system ex-
periences a temperature changeΔT .

Determine the energy release rate under the
assumptions that the thin layer is in a plane
strain state and does not influence the ther-
mal strains of the substrate.
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Solution: G =
E t

2(1 − ν) (ks − kl)2ΔT 2 .

Problem 4.6 Calculate the crack deflection angle ϕ for the two configurations
shown in Fig. 4.60. Use the criterion of maximum circumferential stress and assume
τ0 = σ0/2.
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Solution. The circumferential stress is obtained by the combination of mode I and II

σφ =
1

4
√

2πr
[KI(3 cos(φ/2) + cos(3φ/2))−KII(3 sin(φ/2) + 3 sin(3φ/2))] .

This can be in form

σφ =
1√
2πr

[
KI cos(φ/2)

1 + cosφ

2
− 3

2
KII sinφ cos(φ/2)

]
, (7)

The exterme value is obtained when

KI sinφ+KII(3 cosφ− 1) = 0. (8)

Suppose that the solution of equation (8) results φ0. The exteme value can be obtained by

another di�erentiation at the stress on that point. The condition for the existence of maximum

is that
∂2σφ
∂φ2 |φ=φ0

< 0.

The stress intensity factors according to the table

KI = σ0
√
πa, KII = τ0

√
πa,

Now τ0 = σ0/2. The maximum stress is reached at point φ0 which ful�ls

σ0
√
πa
[
sinφ0 + 1

2(3 cosφ0 − 1)
]
,

Figure (b) results in cosφ0 = 1/3, and the angle value is φ0 = ±70, 6◦. Which one is

chosen depends on whether it is the minimum or the maximum, so the second derivative with

respect to φ can give us the result. which now, the second derivation of the maximum value

should be negetive. It follows that the negetive one is selected as the maximum answer.

Figure (a), the angle is obtained by

sinφ0 − 3
2 cosφ0 +

1

2
= 0,

It follows

sin2 φ0 +
4

13
sinφ0 −

8

13
= 0,

Which is obtained

sinφ0 = − 2

13
± 6
√

3

13
, ja + juuri on oikea φ0 ≈ 40.2◦.


