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RAK-33060 Fracture mechanics and fatigue

1. Exercise

Problem 1. Consider the theoretical strength of a crystalline solid where the atoms are
arranged into a regular cubic lattice with distance of dg between the neighbouring atom
layers. The bonding force between two atoms can be obtained as F' = —dW¥/dr where the
following Lennart-Jones potential is adopted

(8] on()"

The first terms represents attractive forces, while the second term describes repulsive ones.
Determine the expression for the cohesive strength o.. The stress could be defined as

F
oc=——.
dg
Strain € can be defined naturally as
. x _r—d
Cdo do

where x is the distance from the equilibrium position. Determine also the expression for the

o0
270—/ odzx.
0

What are the values obtained for o, and g if the Young’s modulus has the value F = 210
GPa and the distance between the atomic layers is dg = 2.5-1071% m
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Solution. First we have to form the expression for the force. The unknown coefficients A
and B can be solved from the following two conditions:

1. at equilibrium r = dy, the force vanishes and

2. also the tangent of the stress-deformation relationship is the Young’s modulus, i.e.

do
-F (1)
de |,
The expression for the force F' is
6
F= _W —6Ad + 12Bd

dr

From the equilibrium condition F'(dp) = 0 we get A = 2B. Expression for the stress is now

F d4 le
= =12B(=0 -0 ),
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Strain is J d
r —dg r
= th d = .
& us € a
The coeflicient B is obtained from condition
do do dr do
E=— = —— = dog— 2
de |y drde|,_,  drl_g @)
di d0 B
= 12Bdy | —7—2 + 12— =72
O( 77"8 * T14> r=dg ! d87

from which the solution is B = Edj/72. The necessary condition for the existence of a
maximum in the stress-strain relationship is

d d
g7 _ 0, which is equivalent to the condition g7 _ 0.
de dr

From equation (2) we get

d d4 le )
d—: = 704130, =0,  fromwhich o= (13/7)/°do.

Substituting this into the expression of the stress, we get

1 ,
oc=E [(7/13)7/6 - (7/13)13/‘)} ~ 0,037E.

The expression for the stress is thus
1 do\” do\
=-FE||l— ]| - (— :
oo (%) (7)

The surface energy 7 is obtained by integrating the work done by the stress

1 [ 1 [ E
0 Q/OUx z/dogr 12

After substituting the values of E and dy we get the surface energy value 0.4 J/m2. A typical
value for iron is 2.2-2.8 J/m?.

Tk, W L pa 7Ed
" = —BEdy ~ 0,007Edy.
i < 66+ 12r12> 440" 0

Problem 2. A two dimensional finite element analysis has been performed for a plate with
a crack. The material is linearly isotropic elastic. In front of one of the crack tips the results
shown in the table were obtained. Estimate the stress-intensity factors for this crack tip.

X
X =

point « [mm| gy [mm| o, [MPa] o, [MPa] 7, [MPa]

1 0.10 0.0 1714.1 1712.1 1076.3
2 0.35 0.0 916.9 917.2 574.8
3 0.70 0.0 647.3 649.4 408.5
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Solution. The K-dominated stress field is
K S Ky
RV omr’ i omr

We can estimate the stress intensity factor by the least-squares method (LSM). The LSM
error functions are

i) = 33 () + ()|

Op = 0y =

and

3 2
Ey(Kn) = %Z <\/[2(7IT—ITZ - T:cy(Ti)> :

=1

For the existence of a minimum, the derivatives have to vanish, i.e.

dE1 dEl
S%1 0. and —0.
arK; MY Ak

This results in equations

3. .
Z ?”KI = Z (02(ri) + oy(14)), (3)

3 3
> ey it = X gmrtr) @

Substituting the values and solving we get the values K1 = 42.96 MPay/m and Ky =

26.985 MPa/m.
The stress intensity factors can also be determined by extrapolation.

point K = oyV2rr [MPay/m| Ki = o,V27r [MPay/m| K = 7pyV27r [MPay/m

1 42.92 42.97 26.97
2 43.01 42.99 26.96
3 43.06 42.92 27.09

Carry out the extrapolation to r = 0 and compare to the least-squares method!

Problem 3. In which direction 6 is the largest shear stress found ar the tip of a crack
loaded in mode II1?7 The material is linear, isotropically elastic. Stress field in the vicinity of
the crack tip is

K
sin %9, Toy = — 1L cos %9,

\27r

K
\ 21T

and the other stress components vanish.

Tex = —

Solution. The resulting shear stress is

1
T= /T2 +TE = \/%KIH, i.e. independent of the direction.
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Problem 4. Calculate and sketch the distribution of the Tresca effective stress around a
crack tip loaded in mode I. The material is isotropic and linearly elastic with v = 0.3. The
stress components in the Cartesian coordinate system are

Or = [cos %9 (1 — sin %0 sin %9)] ,

K
v 2mr
Ky
\27r
K

T, =
i \27r

Consider both plane stress o, = 0 and plane strain o, = v(o, + 0y).
The Tresca effective stress is

oy = [cos %9 (1 + sin %0 sin %0)] ,

(cos %9 sin %9 cos %9) s Tay = T2z = 0.

0e = max(|oy — 02, |02 — 03, |og — 71),

where 01, 09 and o3 are the principal stresses.
Solution. Both in plane stress and plane strain the stress in the z-direction (normal to the

plane) is a principal stress (zero in plane stress). The in-plane principal stresses are obtained
from the eigenvalue problem

Oy — 05 Try nt\ (0
Tay oy — i ne /) \0 /)’

1 1
o; :5(095 +oy) £ 5\/(O'x —oy)? +412,

which results in

27r
K;

=1 (1 + sin %0) CoS %0.
2mr

— 1 (cos 30 & \/(— cos 30 sin 6 sin 30)2 + (cos 36 sin 36 cos ‘39)2>

7»

7

Both the o1 > 09 > 0.
In plane stress the Tresca effective stress is thus

K
\2mr

Denoting f(6) = (1 + sin %0) cos %0, the maximum is obtained when f’ = 0, resulting in
equation

Oc =01 = (1 + sin %0) cos %9.

cos 20 = sin %0,

which has a solution 6 = 7/3 = 60°.



