Stability of structures

9. exercise — buckling of plates

Problem 1. A square plate is stiffened by equidistant beams of rectangular
cross-section in the loading direction. How many stiffeners are required to
obtain a buckling load N, at least the value 10”;—2[). Thickness of the plate is
h, which is also the width of the beam. The height of the beams is ah = 4h.
The material is isotropic with Poisson’s ratio 0.3. Use the energy method
and a one-parametric trial function for the deflection w(z,y). The plate is
simply supported and the torsional stiffness of the beams need not to be
taken into account. h = a/40, where a is the side-length of the plate.
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Solution. Let us use the following trial function to the deflection

T . Ty
w(z,y) = wpsin — sin —
a a

Expression for the total potential energy of the plate is

All = AU+ AV = Avalate + AUvbeams + Avalate + A‘/beams
D
AUlolate = ) /(Aw)QdA

2

s T Y
AW = W gz + W gy, and W zp = —Wo—5 .2 sin " sin = Wy
Dt
_ w2
= Aljplate - 2 a2 Wy
N, N, 72
2
AVplate = =5~ PR
A
EI

Aljbeams = Z 2 d U)O ZSIH
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= o,hah
A‘/beams = —ZU 2OZ /w?mdﬁﬂ, where o,h = N,
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When computing the AV, term, it is assumed that the load N, is equally
distributed for the cross-sectional area of the beam. Using the notation
w2 Eh3 a’ht ER3

N, = A2 o D= hen v = 0
v 1242 12 19 Vhenv

In the example case o = 4 and h = a/40.

24 a2 2a & n+1 47 207 ntl

Eh3 74 h — ' 1 h j
= All = Ww% 14—0;’—Z:sim2 m - A —+a—Zsin2 ki

The equilibrium equations from the condition 6l = 0 = wy = 0, and the
critical point is characterized by
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Substituting a = 4 ja h = a/40 and trying different n’s:

j 1+ %
n=1 = Zsin2 ik :1:>)\:ﬁ:6
n+l it
i 3 3 1+ 43
n=2 Z:sin2 :2-—:—:>)\:%w6.8
ntlod 2 11 %02
e
=5 in2 =3=\=285
n ZSIH n—|—1
e
=9 in? =5=X=10
n ZSIH n+1

Nine stiffeners will be sufficient.
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Problem 2. Determine 7, for an infinite plate strip using a trial function
w(z,y) = Asin(ry/b) sin[r(x — ay)/s]

where s is the half wavelength of the buckling mode. The plate is simply
supported and it’s bending stiffness is D. How large is the error in comparison
to the analytical solution 7., = 5.35m2D/b%t (t is the thickness of the plate)?
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Solution. Using the trial function
w(z,y) = Asin %y sin z(:r: —ay)
S

where s is the half wavelength in z-axis direction. Deflection vanish (w = 0)
at lines * = ay and © = ay + s in addition to the boundaries.

S

ab

The expression for the total potential energy is

2

AIl = D /(Aw)QdA + Ny /w,xw,ydA
A A

Stability of structures 3



Let’s integrate a slice between the linesy =0, y = b, x = ay and x = ay+s,

i.e. the area of one half-wavelength:

Wy = AT sin@cosﬁ(x—ay)
’ S b S
Way = —A? sin - sin E(x —ay)
wy, = A% cos %y sin g(x —ay) — Aag sin %y cos g(x —ay)
Wyy = _Ab_2 sin %y sin g(x —ay) — Aa%g cos %y cos g(x —ay)
—Aa%% Cos %y Ccos 22(56 - (;y) Ac;zQ:—Q sin Y sin g(:n —ay)
Aw = Wae + Wy :—A[W +7;—2—|—aﬂ—}sin%ysing(x—ay)
2402 T cos 2 cos E(:r: —ay)
s
WaW,y = AQ— sin %y cos g(x — ay) [% cos %y sin g(x —ay) — ag sin %y cos g(x — ay)

Change of variables

{m:t—i-ar :O(x,y):[xt yt]:[l o}

y=r a(t,T’) Ty Yr a 1
Since det| d(x,y)/0(t,r) | = 1, the scale is preserved.
A F 2 72 72\ > T
/ / (Aw)?dady //Aw Vdtdr = A? < —i———i—a—) + 40?
b2 52
0 z—ay 0
/ b
//wxw dtdr = —AZ//oz— 51n27r—rcos tdtdr = —AZO/T——
s 4 s
0
0? D 2 72\ bs 4 72 b
—AIll = 2—|(—=((1 — 2| —2a—-N,, =
~ 92 2[(2(+O‘) b2> I R
= Ny = 2al? [2+6 +b—2+ (1+a)}
72D 5 8 b
= — 1
= 2ab2t[+6 +b2+ (1+a )]

The expression of the shear stress still contains two free parameters « and
s. The minimum is obtained when 7 is minimized with respect to these two
paramaters:

72D s V¥ (1+a?)?] 72D
2b%t B
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_— g _ :O
Os ab? 5 @ 1+53
= f=Z46at+2—2
B @ a
of 2 202 — (1 + a?)
9I 2 Lot TR
Oa o? Tor a?

2D 72D
= T = 4V25- ~ 566

The difference to the analytical value 5.35

2D
b2t

is thus 5.8 %.
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