Stability of structures

5. exercise — beam-columns, inelastic buckling

Problem 1. A beam with circular cross-section has an initial deflection vo(z) =
vosin(mx/L). What is the safety factor with respect to the yield limit if the compressive
load has the value P = 50 kN7 The yield stress is oy, = 220 MPa and the Young’s modulus
E = 210 GPa. The amplitude of the initial deflection is vy = L/1000.

P r = 50 mm
_______ — t =5 mm
L=50m

Solution. The bending moment distribution due to the compressive force is
M (z) + Plv(z) + vo(z)] =0

P
= v"(z) + K*v(z) = —kvo(z), where k* = ot (1)

Let’s find the particular solution of the differential equation above.

vy(x) = Asin (ﬂ—;>

Substituting the trial function above into equation 1

2
= <—% + kz2> Asinﬂ—; = — kv sin%x
k2
= A=- UOﬂQ
k2 — T

The solution is the sum of the general solution of the homogeneous equation and the particular

solution 2
v(xz) = Cysinkx + Cy cos kx + Csx + Cy — ]{:272}07@ sin %
T2
Boundary conditions:
v(0) =Cy+Cy=0
v"(0) =k?Cy=0 =Cy=0=0,=0
v'(L) =k*CisinkL =0 = C; =0(%)
U(L) = CgL =0

and the bending moment has the expression

E.Tl<:2v(]71'2 T
sin —

M(w) = —BIV"(2) = — 55— 5sin 7

The largest bending moment is at the middle (k* = P/EI):
L Puyym?
M<§>:_Eff§
EI
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The buckling load for an ideal straight column is Pr = m2EI/L?, the bending moment can

be expressed as
L PUO
M=) =—-
<2> Py 1

Pg

The bending moment M (L/2) approaches to infinity when P — Pg! The stresses at the
middle of the beam in the outmost fibers are

P M 1 1 v
az——i—-—P(ZiP —°> (2)

AW
Taking the cross-section dimensions into account

(50% — 45?) = 1492mm?

A =m
I =72(50" — 45%) =1.688-10°mm*
W =gis]  =33760mm®

k* =141-10"% , when P = 50kN

From equation 2 we get
o= —-33.5+£15.4 MPa

Let’s solve the compressive force value PP, when the outmost fibers at the mid-section attains
the yield point o,. From the equation 2 we get

JyZ—P<%+ﬁ”W°>
E
P P
= (P_E_1>(0y—z)—UW°P =0
= P2~ (onA+ P+ D50 ) P4 oy Pra =0

Substituting the dimensions, gives

P = 117.1 kN

2 =
P 509.5P + 45945 =0 = { P, = 3924 kN

Safety factor with respect to the yield is thus

117.
n = —71 =234
50
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Problem 2. Determine the bending moment distribution at the load levels P/Pr = 0.25,
0.50 and 0.75, where Pg is the critical load of the buckling problem. Determine also the
expressions of the support moments at both ends and the bending moment in the midspan as
a function of the compressive force.

F
2T EI
P
L/2 r L/2
| | |
Osalla 1 v§4) + k20} =0, missi k? = £
2 vgl) =0
, M,y \F
My
BO: (%) = (-4) =0 {/ r
/ S
o (5 = () 20 0 9
v1(0) = v2(0)
v1(0) = v5(0)
M;(0) = M3(0)
Ql(O) = QQ(O) + PUé(O) + F
Solution for the homogeneous differential equations are:
v1 = Cysinkz + Cycoskxr + Cyx + Cy
V] Chkcoskxr — Coksinkx + Cy

—C1k? sin kx — Cok? cos kx
—C1 k3 cos kx + Cok3 sin kz:
051'3 + CG.%'Q + 071' + Cg
3C5$2 + 2Csx + Cr

6Cs5x + 2C%

6C5

Taking the boundary conditions into account

Q1(0) = Q2(0) + Pvy(0)
—2ETv"(0) = —EIV)(0)+ Pvy(0) + F
I
3 L2 —
2C1k 6105+ /{?1074- Vol .
Cs = —-k3C1+ -k*Cr + —
° T L)
Mi(0) = M>(0)
—2EIv{(0) = —EIv5(0)
QCQkQ = _206 = CG = —kQCQ
v1(0) = v3(0) ' X - .
_ _ _ 13 2712 - 2 i
Cik+Cs = Cr=0Cs 3k Cl+3k (Clk+03)+6EI 3/€ Cg+6EI
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V1 (0) = V2 (0)

CQ+C4 = Cg
L . kL kL L
m <_§> = 0:>C420181n7—02COS7+035
L kL kL
v] <—§> = 0= C3 = —k(Cjcos > + Co sin 7)
L o 1 2 F L ’ 2 L ? L —
Vg <§> = 0:><§k: 03+6E—I> <§> - k°Cy <§> +(Clk+c3)§ +C+Cy =0
kL kL 1 9 . kL
= [7—kzL0087<1—|—ﬁ(k‘L) )-i—SlD?] Ch
1. o kL . kL 1, __FP?
+[1—4(1{:L) — cos — kLsin 5 (1—|—24(k:L) )] 02__48E[
L F L\? L
v <5> - <’“203+ﬁ> (5) S WG+ ik 4 G =0
1, kL 1,5\ . kL _ FL?
= [1 - (1 + Z(kL) ) cos 7} kCy + [—kL — (1 + Z(kL) )bln 7} kCy = TREI

The expressions for the bending moments are

Nl

Mi(z) =2FEIk*(Cysinkx + Cocoskx) when — L <2 <0
My(z) = —FEI(6Csz + 2Cs) when0 <z < L

The coefficients C and Cy can be solved from the equation system below

NG+ = —f
[1kCy + [|kCy = —LL

The coefficients C5 and Cg have already been solved as a functions of C; and Cs.
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Problem 3. The buckling length of a uniform straight column is L,. The stress-strain
curve of the material is quadratic (¢ = Ae? + Be + ), which has an apex at og = 392
MPa, g9 = 0.002. Determine the expression for the tangent modulus Ei(c) and show that
the critical load according to the tangent modulus theory is P, = 200A(vV K + 1)/K, where
K = (eoL2A/7%I).

Calculate the value of the critical load for the two columns shown below. Measures shown in
mm.

p D =410
J Qt =10 []Ta
L = 9000 s L s o L/a=20

Solution. The stress-strain relationship is

oc=0(e) = A® + Be+C

e whene=0=0c=0=C=0
e when € = ¢y = 0 = 0y

e when € = ¢, Cfl—‘Z:O

d
d—a —9Acg+ B —0= B = —2A¢
€

€=€p
UO:AG%+B60:—AG%:>A:_2

0
d
=>U:—U—2062—|—2@e:>—0:Et:2@ (1_£>
€0 €0 de €0 €0

Let’s denote

d
& :2@:E:>Et:E<1—£>
de =0 €0 €0
Solving € = ¢(0)
o e\ € € o
— = —(—) +2—=—=1+,/1——
ol €0 €0 €0 00
= bk = E,/l—i,when6<eo
00
The critical load according to the tangent modulus theory
2 2
iy P, el
P.. L—%t , Okp = TC’ merk. o = 77

n
2 112 4 4 2 12 2 12
a’FE ol o‘F 4ot A
P = — T B I Y o 1 At
= Lhr 200A 4o} A2 ta 200A ( * a?E?

. 20’014 o EQL%A 2
- = (\/1+K—1), K_< =

In the example cases
. A~ a(D —t)t = 1.257 - 10* mm?, [ =~ 7/8(D — )3 = 2.513-10° mm*, L =9.0 m =
L, =0.699L =6.291 m = K = 0.1608 = P, = 4.742 kN

2. solid cross-section A = a?, I = 1/12a*, L = 20a = K = 0.947 = 0o = Py /A = 327
MPa
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Problem 4. Determine the dependence of the critical stress o, on the slenderness A = L, /i

(where L, is the buckling length and i = /I /A is the radius of gyration of the cross-section)

for a uniform centrally compressed straight column. The tangent modulus F; has the form
do oy — 0

de ¢ oy —co’

where oy is the yield stress and c is an additional material constant. Draw the figure showing
the critical buckling stress as a function of the slenderness in a (o /0y ) — A -coordinate system
with (o¢/oy) € [0,1], A € [0,200] Use the value ¢ = 0,9 and ratios E/oy = 500 (steel) and
E /oy =200 (aluminium, pinewood). Draw also in the same figure the elastic buckling stress.

Solution. According to the tangent modulus theory the critical load is obtained from

P 2B
o= Tra o
Ln
where
Et == E :> O’CI. = 5
oy —co Lz A
Using notations i = \/I/A, A\ = L, /i
T2 Ei? Oy — Ocr
Ocr = 72
2 0y —COx
oy — O
= )\QUU =mp-Y "
Oy — COcr
o o E o
= N ET1-cDH=r="01--)
Y Oy Oy Y

o
2
= M <&> — <)\2 + 7T2£> <&> + 7T2£ =0
oy oy oy oy
. 1 E E\? E
o o _ 5 )\2+772——\/<)\2+772—> — 4\ e —
oy 2)\%c oy oy oy

Let’s draw the figure using the values ¢ = 0.9 and F /o, = 500 and 200. The elastic critical

load is ) )
e ET Ocr E\r

P fr :> J— — - -

¢ L3 < Ty ) <Uy> A2

1
tlang. mod. E/UyI =200 —
tang. mod. £//o, = 500 - - - -
elastic £//0,=200 —
08 elastic £//0y=500 ---- ]
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