MEI-55200 solutions to exercise 3 1

Problem
Solve the 1-D stationary heat transfer problem
—(ku') =0

of a wall x € (0,L) using FEM. Let’s assume that the outside temperature at x = 0 is
ug > 0. What is the power needed at x = L to maintain the inside temperature 2ug? The
conductivity of the wall is defined as
34ky, x € (0,L1) = (0, %L), concrete,
k(z) = < ko, x € (L, Lo) = (%L, % ), glass wool,
4ko, (S (L27L) = (%[ﬁ L)a gypsulll.

What is the thermal transmittance (suom. lAmmonlapaisykerroin), i.e. the U-value of the
wall. The values are kg = 0.05 W/(mK) and L = 0.28 m (L; = 6 cm, Ly = 26 cm).

Solution: Let’s discretize the wall into three linear elements, one for the concrete, one
for the glass wool and one for the gypsum plate. Since at the both boundaries essential
boundary conditions are given, thus there are only two unknowns. The weak form is

L
/ Wk dx = 0.
0

For linear element the stiffness matrix (conductivity matrix) is
K@© — @ 1 -1 )
he | =1 1
For the element of the concrete part:

34k 1 —17]  476ko 1 -1
-1 11| 3L -1 11

glass wool

k 1 —1] Tho[ 1 —1
2 - 20 _ "o
K [—1 1} 5L[—1 1]’

and for the gypsum plate

K(3)_4k0[ 1 —1]_56/{0[ 1 —1}

L -1 1
The global system is thus

% — 118 0 0 uy 0
ko | e wear 10 | Ju [ )
L| 0 I I+56 —56 us 0

0 0 —56 56 U 0

Since the boundary temperatures are prescribed, i.e. u; = ug and uqy = 2ug there are only
two active unknowns. The first and fourth equations above are unnecessary. Moving the
terms related to w; and uy4 to the r.h.s. gives

160.06 —1.4 ug | [ 158.6 y
—1.4 574 ug [ ] 112 0
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The solution is
ug = 1.008535ug, u3z = 1.975818uy.

The heat flux is constant over the wall, let’s compute it from the element 1

(1.008535 — 1.0)U0 _ _1'5129k0u0'

M = Wy = —34k ,
q U 0 ﬁL I

The flux is thus directing to the left. The required power inside is thus the absolute value
of the flux.

If ug = 1°C, then
(1) w

¢V = —0.2418

m?
The U-value is thus 0.2418 W/m?K.
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Problem:

Solve by FEM the following stationary 1-dimensional diffusion-reaction equation
—ku" +cu=0, u0)=0,ul)=1ur,

where k,c are positive constants ¢ = 82kL~2. Use three equal elements in the domain.
Perform computations with the values 8 = 1 and 100.
Compute the problem also in the case where the part

/ cuudz

in the conductivity matrix is lumped. A lumped matrix is obtained as

a1 a2 a1l + a2 0
as1 Q99 0 a1 + a2

What can be concluded?

Solution: Let’s multiply the equation by the weight function (or test function) @ and
integerate the resultin terms over the domain and integrate by parts the second order
derivative term. Due to Dirichlet’s boundary conditions we have 4(0) = 4(L) = 0 and we
get

—ku +cu = 0

L L
- / kv tdx + / cutidr = 0
0 0

L L
u’ﬂ+k/ u’ﬂ’d:erc/ wadr = 0
0 0

L L
k/ u’ﬂ’dx—i—c/ uader = 0
0 0

Using the method of Galerkin and divide the domain into three equal elements u =
(2 (2

L
—k

0

> /ml kY %Njuj > %Nmidw + /I1 ¢ Nju; Y Nyidz | =0
%o j i Zo j i

€

substituting & = %(m —z.), dr= %dg, % = %di

J

= K\ =2 [ N/NYde+ & [ N;Njde
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Using linear elements, the interpolation functions are Ny = %(1 —¢)and Ny = %(1 +£).
The element stiffness matrix is
1 1 ch
-1 6
ﬁ

k

h
_k 1 2 1
- h| -1 1 6L2 1 2

k L-1], 4 r\’[2 1

h -1 1 6 \L 1 2 '
In this case h = L/3 the contribution from one element is

o 3k 1 gEr2 1
K()_L<[—1 ]+54[1 2])

The global equilibrium equation is

K€ =

Kp + K KD 0 ) (w 0
K KD+ KD KS [ us p=¢ 0 ¢,
o e e ) L

which can be written as

K+ KD KD { Uy } _ 0
(?) K( ) 4+ K(3) us _KS)aL :
Let’s insert the parameter values
108 +45%2 B2 —54 ug | 0 a
B2 —54 108 +4p? ug [ | 54— P2 L

with 8 =1 and 8 = 100 we get the equations
112 =537 fu | [ 0 .
53 112 |l us [ 53 [

40108 9947 U
9947 40108 U3
solutions for nodal temperatures us and ug are:
N U 0.2885 _ ) ug | 0.0655 | _
(B=1): {u?,} {06098} (6 = 100): {u3}_{—0.2643}“L
For large values of the reaction coefficient ¢ the FE solution starts to oscillate. The solutions

are drawn in figure 1.
If the submatrix corresponding to the reaction term is lumped, i.e. the consistent

ch |21
6 |1 2

and

I
—N—
|
8 o
=
\]
——
N
&~

matrix
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Figure 1: Numerical solutions by linear FEM as compared to the exact solution (solid line).
Solution with the standard Galerkin is drawn by dashed line and the "lumped" solution
by dotted line.

is replaced by the lumped one
ch | 10
210 1)’

we get the element stiffness matrix (conductivity matrix)

k[ 1 11 . ch[1 0
@ _ k ch
K _h[—l 1}+2{01]

(T

The global equilibrium equation is thus

54+28% 27 ug \ _ [ 01
—27 5442432 ug [ | 27 [
It can be seen that the influence of the reaction term has vanished from the off-diagonal
terms and also from the rhs vector (=same thing)

Cfup ) 03029 ) o fug [ 0.0000 \
(B=1: { us }_{ 0.6282 }“L’ (6 =100): { us }_{ 0.0013 }“L‘

Clearly the solution is stable. What about the accuracy? Determine the errors in nodal
temperatures!
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Problem:

Solve the 1-D stationary heat transfer problem
—ku" = fo
with boundary conditions
q(0) = —ku'(0) = —qo  and  ¢(L) = —ku/(L) = aqo.

The conductivity k& and heat source fy are constants (qo = % foL) and « is a positive
dimensionless constant. Solve the problem by using a single quadratic element. Does the
problem have a solution for arbitrary values of o (aw > 0)?7 Explain the sitution physically.

Solution:
—ku" = fo
—/ku”ﬂdm = /foﬂdx
— ku'ﬁ+/ku'ﬁ'dw = /fgﬁdx
/k:u'ﬂ’dm = /foﬂdac + ku'(L)a(L) — ku'(0)a(0)
3 3
Using hierarchic interpolation uw = > Nju; and @ = Y N;il;, where Ny = (1 — ),
j=1 i=1

Ny = 3(14¢) ja N3 = @(5‘2 — 1), and substituting go = % foL and h = L we get

1
ok | o
Zui h/Nz‘/ZNJ/'“jdf = Zuz Z/Nidf_aCIONi(L) — qoNi(0)
¢ -1

’ -1
11
5 —s5 0 Ui 1 0 1 0
2k 2 L L
=7 —; 3 0 U2 :f07 1 —aqo 1y —q<0 :fOT -«
0 0 1] |Aug i 0 0 s

From the first equation %(ul —ug) = 0 we get u; = ug. The second equation %(—ul +ug) =
f“TL(l — «) requires hence o = 1. In other words, the heat produced by the source term
will flow out equally from both boundaries. The balance law qg + g7, + foL = 0 has to be
fulfilled since this is a stationary case.

From the lowest equation we get the amplitude for the bubble mode AugN3(§ = 0.5) =
—%foLz/k (—%) = %fOLQ/k. For the given boundary conditions we cannot solve the
temperature uniquely.



