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1. Määritä oheisen jäykästi kiinnitetyn pilarin tarkat 
ominaistaajuudet ja ominaisvektorit. Laske kaksi 
alinta ominaisparia.  
Determinate two lowest exact eigenvalues and 
eigenvector for the clamped uniform column. 

 
 
 
 
 
 
 
 
 
 
 
 

2. Kuvan värähtelijää kuormittaa harmoninen voima 
ˆ( ) cos( )F t F tΩ=  

Määritä systeemin vaste, kun herätteen 
kulmataajuus Ω ω=  (resonanssi) ja laske aika, 
jolloin siirtymävasteen amplitudi saavuttaa 
likimain pysyvien värähtelyjen vasteen arvon. 
Värähtelijän alkuehdot ovat (0) 0, (0) 0u u= = .  

ˆ0,05; 2kg; 10 N; 0,8 N/mmm F kζ = = = =  
 
The harmonic force ˆ( ) cos( )F t F tΩ=  acts on the 
viscously damped system. Determinate the 
response at the resonance  Ω ω=  and time when 
steady state response is approximately reached. 
The initial values are (0) 0, (0) 0u u= =  and  

ˆ0,05; 2kg; 10 N; 0,8 N/mmm F kζ = = = =  
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Figure 17.3.1 Natural vibration modes and
frequencies of uniform simply supported
beams.

The value of C1 is arbitrary; C1 = 1 will make the maximum value of φn(x) equal to unity.
These natural modes are shown in Fig. 17.3.1.

For a simply supported uniform beam, we have determined an infinite series of
modes each with its vibration frequency. Equations (17.3.15) and (17.3.16) and Fig. 17.3.1
tell us that the first mode is a half sine wave and that its frequency ω1 = π2(E I/mL4)1/2.
The second mode is a complete sine wave with frequency ω2 = 4ω1; the third is one and a
half sine waves with frequency ω3 = 9w1; and so on.

17.3.2 Uniform Cantilever Beam

In this section the natural vibration frequencies and modes of a uniform cantilever beam
are determined. At the clamped end, x = 0, the displacement and slope are zero. Thus
Eq. (17.3.9) gives

u(0, t) = 0⇒ φ(0) = 0⇒ C2 + C4 = 0⇒ C4 = −C2 (17.3.17a)

u′(0, t) = 0⇒ φ′(0) = 0⇒ β(C1 + C3) = 0⇒ C3 = −C1 (17.3.17b)

At the free end, x = L , of the cantilever the bending moment and shear are both zero.
Thus, from Eqs. (17.3.9) and after using Eq. (17.3.17), we obtain
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M(L , t) = 0⇒ E Iφ′′(L) = 0

⇒ C1(sinβL + sinhβL)+ C2(cosβL + coshβL) = 0 (17.3.18a)

V(L , t) = 0⇒ E Iφ′′′(L) = 0

⇒ C1(cosβL + coshβL)+ C2(− sinβL + sinhβL) = 0 (17.3.18b)

Rewriting Eqs. (17.3.18a) and (17.3.18b) in matrix form yields[
sinβL + sinhβL cosβL + coshβL
cosβL + coshβL − sinβL + sinhβL

] [
C1

C2

]
=
[

0
0

]
(17.3.19)

Equation (17.3.19) can be satisfied by selecting both C1 and C2 equal to zero, but this
would give a trivial solution of no vibration at all. For either or both of C1 and C2 to be
nonzero, the coefficient matrix in Eq. (17.3.19) must be singular (i.e., its determinant must
be zero). This leads to the frequency equation:

1+ cosβL coshβL = 0 (17.3.20)

No simple solution is available for βL , so Eq. (17.3.20) is solved numerically to obtain

βn L = 1.8751, 4.6941, 7.8548, and 10.996 (17.3.21)

for n = 1, 2, 3, and 4. For n > 4, βn L � (2n − 1)π/2. Equation (17.3.8) then gives the
first four natural frequencies:
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(17.3.22)
Corresponding to each value of βn L , the natural vibration mode is

φn(x) = C1

[
coshβn x − cosβn x − coshβn L + cosβn L

sinhβn L + sinβn L
(sinhβn x − sinβn x)

]

(17.3.23)
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Figure 17.3.2 Natural vibration modes and frequencies of uniform cantilever beams.
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