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Exercise 7 2013 A
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e : Ill v middle supports. Draw also the bending moment
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We divide the structure to three beam elements twithnodal degrees of freedom. The nodes,
elements and global degrees of freedom are drawheifigure below
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The active degrees of freedom are presented biptiable below

Elem Nodel |Node2 Node dof1l dof2
1 1 2 1 0 0
5 2 3 2 0 1
3 3 4 3 0 2
4 0 0
The element stiffness matrices are formed next.
0 O 0 1 0o 1 0o 2 0o 2 0 o0
12 6 -12 @& |0 12 6L -12 40 12 6L -12 4]0
_2EI[6L 4 -6 2710 g6l . - @)1 _EfeL @) e 2?2
U3 |-12 -6 12 -64|0 2T 3|-12 - 12 -4 |0 *T1®|-12 -6L 12 -a|0
6L 2 -6 (4?1 6L @ o @)2 6L 22 -6L 420

The model stiffness matrix is scattered with theavednt stiffness matrix components.

LI

I
Element 1 external equivalent load

-F/270
,_|-FL/8|0
-F/2 |0
+FL/8| 1
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Element 2 external equivalent loagli$¢ negative)
gL/2 -F 1|0
(o qL’ /12 _|-FL/6| 1
gL/2 -F |0

-ql?/12| |+FL/6| 2

The element external equivalent loads are colleictd¢ke table below

Ele fl f2 f3 f4
1 -F/2 -FL/8 -F/2 FL/8
2 -F -FL/6 -F FL/6
3 0 0 0 0

The global load vector is assembled from the eleraeiernal loads
E= FL/8-FL/6| FL|-1
| FL/6e | 24| 4
Now we may solve the global displacements
Q= Q _Fin 8 -2||-1_ FL* |-8
Q,| 24El 92 -2 12| 4| 110&l| 25

The element force vectors are calculated next

12 6. -12 & 0 F /2 228
{2k, -fr=2E| O A’ -e. 2A*| FL* | O | FL/8_F| 58
Rt B -12 -6 12 -6.|11041| O F /2| 552 324
6L 21> -6 4?2 -8 |-FL /8 - 10L
12 6. -12 & 0 F 603
El| 6L 4 -6 2°| FL2 |-8 | FL/6| F | 10L
f2:k2(:|2_f2p:_3 + =
°|-12 -6L 12 -4 |1104EI| O F 552 501
6L 21> -6 4?2 25| | -FL / - 50
12 6L -12 & 0 75

¢ —p g =FEl| 6L 4% -6L 27| FL®2 |25 _ F | 50Q
7% 18|-12 -6L 12 -6 |1104E1| 0| 552-7
6L 21° -6L 4?2 0 2%
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We check the vertical equilibrium by’ F, :%(228+ 927+ 576- 7%~ B= OK
and the moment sur :—i(228[3+ 92712 57612 25 33ﬂ+ﬂ: OK

552 2 2

To draw a bending moment curve we need to congitlee different cases in our model. At first
we start from left edge towards to the point load.

A Ay
a 4
fZC 1 ‘\.\ Mt

X) f,-fx+M, =0 = M, =-f,+fx

Next we consider the positiorafter the point loaé

A L2 F| gy

(=Tt

@ f,— fx+F(x-L/2)+M, =0 = M, =-f,+fx-F(x-L/2)

Finally we consider the case where a force demsity on the element edge

Jg,

2 2

@ f2—f1x+qXE+Mt:O = Mt:—f2+f1x—qX?

The extremum value o, is obtained by setting the variation of the moninto zero (tai derivoi
ihan normaalistk:n suhteen ja aseta lauseke nollaksi)

oM, = f,0Xx—-qxox=0 :x:%
By substituting the values

—@F and q:E

f =
' 552 L
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: 603 .
we find thatxsz will produce the (local) extremum value of the nemtiVi..

Now we are ready to draw the bending moment ciewill still collect the results above to the
table

Distance from left | M
sk w, = 5L, 228,
2 552 552
ESZ<L Mt=—ﬂ+2—28Fx—F( _Lj
2 552 552
Lez<al M= -1 p L %8 F e
552 552 L
<zZ<
cb=z=3l M, = -2 FL+ 2 Fx
552 552

The calculated bending moment is presented inigjoeef below.

Bending moment

0.15
0.1 A /\
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-0.1

Mx / FL

-0.15 A1

-0.2

x/L

Note for finnish students.

Suomessa on joskus tapana piirtaa taivutusmomaenitikalla olevan kuvan mukaisesti. Huomaa
taivutusmomenttiakselin positiivinen suunta. Paateasituskuvioiden merkkisaantoéihin
myoéhemmin.

O BT
4

M,
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T
L
>3 /. Calculate the rotation of the middle joint for
the frame shown. The flexural rigidity of the
beams is the same EI Draw the bending-
L moment diagram for the beam AB.

Poistamalla translaatiosiirtymat jokaiselta elen&nhuomataan, etta kunkin elementin
jaykkyysmatriisi on muotoa

12 6 -12 &

2 _ 2
L _E[4 2 o EL|6L 4 -6 2
"TL|2 4

° P |-12 -6L 12 -4
6L 21 -6L 47
Ainut globaalisiirtyma Q on pisteen A kiertyma, kanjaykkyys

K = 4m—+4m4— g 2+x/_%

1
Elementin AB ekvivalenttinen solmukuormitusvektoni f ;, =E{ J , joten globaali

kuormitusvektori

FL

8
1 L FL_ FL? FL?

8[@2+f2) El 64[@ 2+J—% £ 21851El

Pisteen A kiertym& , = -

Lasketaan sitten elementin AB solmuvoimat kayttéelfin vapausasteen elementtia, jotta saadaan
mukaan my0ds pystysuuntaiset voimat

12 6. -12 & 0 F /2 0.473
El| 6L 4° -6L 27 FL? -1 | FL /8 0.10L
f,=kg,~fP=— - = + =F
|-12 -6L 12 -6 || 21851FEl )| O F /2 0.527

N

6L 2L° -6L 4?2 0| |-FL /8 -0.134
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kuvassa on elementin A-B oikeanpuoleinen osuusrenne

pistekuormitustd. Momenttitasapainosta pisteen
suhteen saadaan

=z
3_<

a\l
N
:hj "

@ +f,x+f,-M,(x)=0 =
M, (X) =+f,x+f, =

M, (L/2)= +o.52r%— 0.134FL =+ 0.129%L

Elementin AB taivutusmomentti

N
/

0.05 // \

. : R

wl/ AN
N

X/L

0.15

Mt [FL]
°
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Tehtavi 3 ‘Qs Elementtien solmut
Q
Pylvas QL, 2
Q 3
5
@ 6
A
Q 7
5

T™NQ
2<Hl—>
Q ID-taulukko
1% A

Nostopuomi

10
11 12 13
14 15 16
Theta 40|ast 0.698132|rad |
Nostosylinteri
x21 766.0444|mm =1000*COS(Theta)
y21 1642.788|mm =1000+1000*SIN(Theta)
Ls 1812.616[{mm
B I 0.422618 Suuntakosinit
m 0.906308
o E 200000|MPa
Nostosylinteri (sauva) A 2000l mm2
EA/L 441351.2|N/mm
1 2 8 91D
78828 169047, -78828| -169047|1
169047 362523| -169047| -362523(2
Q -78828 -169047 78828 169047(8
-169047 -362523( 169047 362523(9

Q

Mallin vapausasteiden lukumé&éréd on 16 (ID-tauluk@x.). Elementin 6 solmu 1 on solmu nr. 2,
joten jaykkyysmatriisin kaksi ens. rivia ja sardkghenevat globaalin jaykkyysmatriisin riveille

ID(2,1)=1 ja ID(2,2)=2. Elementin 6 solmu 2 on salmr. 5, joten jaykkyysmatriisin rivit 3 ja 4 ja
sarakkeet 3 ja 4 menevat globaalin jaykkyysmatriisieille ID(5,1)=8 ja ID(5,2)=9 ja sarakkeille.

K(ID(2,1), ID(2,1)) = K(ID(2,1), ID(2,1))+k(1,1) €K(1,1)
K(ID(2,1), ID(2,2)) = K(ID(2,1), ID(2,2))+k(1,2) €K(1,2)
K(ID(2,1), ID(5,1)) = K(ID(2,1), ID(5,1))+k(1,3) €K(1,8)
K(ID(2,1), ID(5,2)) = K(ID(2,1), ID(5,2))+k(1,4) €K(1,9)
jne.
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1 2 8 91D
78828 169047 -78828| -169047(1
169047 362523 -169047| -362523|2
-78828 -169047 78828| 169047|8
-169047 -362523| 169047 3625239

Katsotaan viela tilannetta, jossa globaaliin jaykdmatriisiinK on sijoittelusummattu ainoastaan
sauvan jaykkyysmatriisi

1 2 34567 8 9 10 1112 1314 15 16
[ 78828 169047 0 0O O O O- 78828- 169047 0 O O O O

0
169047 362523 0 0 O O O- 16904F 362523 0 0 0 O O 020
0 0 0 0 0 03
0 0 0 0 0 4
0 0 0 0 0 05
0 0 0 0 0 06
0 0 0 0 0 07
-78828 -169047 0 0O O O O 78828 169047 O O O O O Q80
-169047 -362523 0 0 O O O 169047 362523 0 0 O O 0009
0 0 0 0 0 0 1(
0 0 0 0 0 1:
0 0 0 0 0 0 12
0 0 0 0 0 0 1:
0 0 0 0 0 0 1«
0 0 0 0 0 01t
0 0 0 00O00O 0 0 0 00 0O0OOD D!




